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Introduction

In the increasingly data-driven and ML-enabled decision-making processes
of the business and industrial world, the ability to classify data into distinct
categories is a fundamental capability. While machine learning models are
often evaluated by their empirical performance on real-world tasks, their
underlying strengths and limitations are best understood through carefully
constructed canonical problems. One of the most influential of these is the
XOR (Exclusive OR) classification task, which has played a defining role in
the evolution of Artificial Neural Networks (ANNs).

Linear models, such as perceptrons and logistic regression underpin many
supervised learning systems. However, because they rely on a single linear
decision boundary, their representational power inherently limits their
performance. The XOR problem exposes this limitation clearly: it is not
linearly separable and therefore cannot be solved perfectly by a linear
classifiers, regardless of the amount of data available or the optimization
strateqy used.

This whitepaper illustrates how ANNs overcome this limitation through
multilayer architecture and nonlinear activation functions. Using the XOR
problem as a simple yet complete example, its shows how multilayer
neural networks can turn a non-linearly separable problem into a linearly
separable one in a learned feature space. This paper will discuss model
setup, the forward pass, backpropagation, optimization and inference,
providing a practical bridge from linear ML to modern deep learning.

Problem statement

In ML, classification is a supervised learning task in which a predefined
category or class is assigned to a given set of input features . A binary
classification problem is the simplest form of classification, in which the
goal is to assign each input to exactly one of two possible classes. These
two classes are mutually exclusive, meaning each input can belong to only
one class, often represented numerically as Class 0 and Class 1.

For instance, imagine a large basket with four types of fruit: apples, oranges,
mangoes and lemons. Sorting these into four smaller baskets by type
illustrates a classification task. Shifting to only two groups, such as citrus
(Class 1) vs. non-citrus (Class 0), transforms this into a binary classification
problem.

A key concept in binary classification is linear separability. A dataset is
linearly separable if at least one hyperplane perfectly separates the points
belonging to the two classes.

« In a two-dimensional space (i.e., with two input features), a hyperplane is a
straight line that can separate points of different classes.

+ In a three-dimensional space (three input features), a hyperplane is a flat
plane that separates points of different classes.

 In N-dimensional space (where there are N input features), a hyperplane is
an (N-1) dimensional flat surface that divides data points of different
classes.
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A linear classifier is an ML model that uses a single decision boundary, such
as a line or hyperplane, to separate data. Logistic regression, linear SVMs
and perceptron work only when the data is linearly separable.

The XOR problem is a classic non-linearly separable dataset. It is a binary
classification task with two inputs, X1 and x2, and a binary output, y

representing Class O and Class 1.

XOR dataset:

Outputy
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2D space:
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In the 2D visualization of the XOR dataset, the Class 1 points {(0,1), (1,0)} are
shown as blue dots, while the Class O points {(0,0), (1)} are shown as
magenta dots. The Class 0 and Class 1 points are positioned diagonally
across the plane, such that no single linear decision boundary can separate
the two classes. The following illustrations demonstrate several candidate
straight lines attempting and failing to separate Class O from Class 1.
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No matter where a single line is drawn, it is impossible to completely
separate the Class 1 points {(0,1), (1,0)}, the blue dots, from the Class O points

{(0,0), (1.}, magenta dots.
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Consequently, any linear classifier trained on XOR dataset will fail to achieve
100% accuracy. The linear classifier optimization algorithm will converge to a
best fit line that still misclassifies at least one point, resulting in a minimum
error rate of 25%.

The failure of linear classifiers on the XOR problem reflects a fundamental
limitation of linear models when applied to non-linearly separable data.
The XOR binary classification problem requires modeling nonlinear
interactions between input features, which cannot be captured by a single
linear decision boundary. Solving such problems therefore requires more
expressive models, such as ANNs, capable of learning nonlinear decision
boundaries.

ANNs with hidden layers and nonlinear activation functions overcome this
limitation by learning intermediate feature representations. By transforming
the original input features into a higher-dimensional, nonlinear space, these
networks enable linear decision boundaries to separate classes that are
linearly inseparable in the original input space.

The XOR problem provides a clear demonstration of why ANNs are
necessary in modern ML for solving non-linearly separable binary
classification problems. Despite its simplicity, the XOR problem captures a
fundamental characteristic of many real-world business and industrial
classification tasks involving complex, non-linear interactions among input
features that cannot be modeled by linear classifiers.

Business challenges

In modern industry, ML systems are increasingly applied to complex
problems such as perception, natural language processing, anomaly
detection and autonomous decision-making. However, challenges arise
when foundational ML principles are not well understood or applied
incorrectly.

In particular, the inability to address non-linearly separable problems has
significant business implications, as many high-value classification tasks
are inherently non-linear. In such cases, relying solely on linear classifiers
can result in inaccurate model predictions and missed competitive
opportunities.

Common implications of misapplied ML include:

* Model failure due to misapplication: Using linear or overly simplistic
models for inherently nonlinear problems leads to poor performance and
misleading conclusions about data quality or feature sufficiency.

Risk of opaque systems: Without understanding why and how neural

networks solve non-linear problems, teams may treat deep learning

systems as opaque tools. It makes model failures difficult to diagnose or
interpret and unexpected predictions or model behavior hard to explain to
stakeholders.

+ Talent development challenges: Training engineers and data scientists on
advanced neural network architecture without first clarifying the
limitations of linear models leads to shallow understanding and ineffective
troubleshooting skills among the workforces.
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Related approaches

Before the widespread adoption of ANNs for handling non-linear problems,
alternative techniques such as manual feature engineering and decision
trees were used to handle non-linear problems. While effective in certain
contexts, these approaches either require significant manual effort or have
limitations in scalability, robustness and flexibility.

» Manual feature engineering: A common approach to handling
nonlinearity involves manually creating new, non-linear features. For
example, in the XOR problem, a data scientist could introduce a new
feature x3 = x1* x2. In this expanded feature space, the problem becomes
linearly separable. However, this approach relies on human intervention to
discover the correct feature interactions and does not scale well for
complex and large-scale datasets.

- Decision trees: Decision trees are non-linear models capable of learning
non-linear decision boundaries by recursively partitioning the feature
space. At each node, it selects the single feature and threshold that best
splits the data, according to an impurity measure such as Gini Impurity or
Entropy. This process results in a series of simple, axis-aligned splits, and
the combination of these splits produces a final partitioning of the space
into multilayer hyper-rectangular regions, each corresponding to a class
label. While effective at capturing non-linear patterns, unconstrained
decision trees are highly prone to overfitting. Such models may grow
deep enough to create a unique leaf node for each data point, effectively
memorizing the training data and its noise, leading to poor generalization
performance on unseen data.

Solution: Multi-layer
perceptron

ANNs with hidden layers and non-linear activation functions overcome
the limitations of linear classifiers in binary classification tasks involving
non-linearly separable data. By introducing a hidden layer, the network
learns intermediate feature representations that transform the original
input features into a representation in which the classes become linearly
separable. Nonlinear activation functions (e.g., ReLU, Sigmoid, Tanh)
introduce nonlinearity into the model, enabling it to capture non-additive
interactions among input features. As a result, such neural networks are
capable of solving the XOR binary classification problem.

The smallest artificial neural network that can solve the XOR binary
classification problem is a Multi-Layer Perceptron (MLP) with a 2-2-1
architecture, consisting of an input layer with two neurons, a single hidden
layer with two neurons and an output layer with one neuron.

This MLP is a fully connected feedforward neural network. In practice, it is
commonly trained using a Binary Cross-Entropy (BCE) loss function,
backpropagation to compute gradients of the loss function and
gradient-based optimization algorithms such as Stochastic Gradient
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Descent (SGD), Mini-Batch SGD or Adaptive Moment Estimation (Adam)
to update model parameters.

A MLP with a 2-2-1 architecture for solving the XOR binary classification
problem can be represented as follows:

Input layer: Two neurons corresponding to input features x1, x2

Hidden layer:
Two neurons hl and h2

Nonlinear activation function: Rectified Linear Unit (ReLU) or Sigmoid
activation function. In this whitepaper, ReLU is used in the hidden layer.
RelLU(z) = max (0, z)

If z > 0, the outputis z

Ifz < 0, the outputis O

Weights: wl and w2 as inputs to hl, w3 and w4 as inputs to h2

Biases: bl, b2

Pre-activation (summation) variables: 21, z2

Z1 = wl*x1 + w2 *x2 + bl

z2 =w3 *x1 + w4 *x2 + b2

Neuron output (Activation value) computed using RelLU activation

function:
h1 = ReLU(z1) = max (O, Z1)
h2 = ReLU(z2) = max (0, z2)

Output layer:

One neuron producing output ¥

Nonlinear activation function: Sigmoid function to output a
probability between O and 1.

Sigmoid(z) = a(z) =1/(1 + e-)

Weights: wb and w6 as inputs to output neuron

Biase: b3

Pre-activation (summation) variable: z3

z3=w5*z1 + w6 *z2 + b3

Neuron output (Activation value) computed using Sigmoid
activation function: ¥ = Sigmoid(z3) =1/ (1 + e=3)

Model output interpretation: y represents the predicted
probability that the input belongs to a class. A typical decision

rule is:
1. Predicted class is 1ify >= 0.5
2. Predicted classis 0ify < 0.5
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Visualization of the above MLP with a 2-2-1 architecture:

b1

w1

Input Hidden Output
Layer Layer Layer

Training the neural network

Training a neural network in supervised ML involves iteratively adjusting its
weights and biases so that the model's predictions increasingly align with
the true labels in the training data. For the XOR binary classification
problem, this is achieved using a gradient-based optimization approach. In
this whitepaper, an MLP is trained using SGD, which updates model
parameters based on the error observed for individual training data points.
At a high level, the training procedure for the MLP used to solve the XOR
classification problem follows the steps outlined below.

1. Initialization. Initialize all model parameters (weights and biases) with
predefined or small random values.

2. Iterate over training data. For every XOR data point perform Steps 3
through 5.

3. Forward pass. Find the network predicted output () and BCE loss
function value.

4. Backpropagation. Compute the gradients of the loss function, BCE, with
respect to all weights and biases using the chain rule of calculus.

5. Optimization (Parameter update). Update the weights and biases using
the SGD optimizer. The parameters are adjusted in the direction that
reduces the loss function.

6. Repeat until convergence. Repeat Step 2 through 5 for a fixed number
of epochs or until we find the optimal value of parameters that minimize
the loss function.

Before detailing the training steps using an example datapoint, we first
revisit the essential components required for training the network. This
includes an overview of the MLP architecture, the XOR training dataset
and the key elements of neural network training, namely the activation
functions, the loss function and the optimization method.
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MLP with 2-2-1 architecture: It is a fully connected and feedforward
neural network.

* Input Layer: 2 neurons (x1, x2)

 Hidden Layer: 2 neurons (h1, h2) with ReLU activation.

 Output Layer: 1 neuron (y) with Sigmoid activation.

Training dataset
» The XOR dataset for training the neural network is -

y (Target
Class)

We will use the following datapoint to deep dive into the MLP training

process.
* Input: [x1,x2] = [1, 0]
» Target:y =1

Key elements for training the neural network:
« Activation functions and its derivative: The activation function
derivatives are used during the backpropagation.
* RelLU:
* RelU(z) = max (0, 2)
 Derivative ReLU(z) =1ifz>0,0ifz<=0
» Sigmoid:
+ Sigmoid(z) = a(z) =1/(1 + e72)
« Derivative 0°'(z) = 0(2) (1 - 0(2))

* Loss function-BCE: It is a standard loss function for binary
classification and measures the error in prediction.
« L=-[y*log + (1-y)*log (1- )
« Partial derivative oL/0y = (y-y) / (§* (1 -¥))

» Optimization method-SGD: We will use learning rate, Ir
lr = O.1 for the SGD.

10
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Illustration of the MLP with the BCE loss function:
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Let us now walk through a step-by-step explanation of the six-step
training process for an MLP with a 2-2-1 architecture applied to the XOR
classification problem. Using the input [x], x2] = [1, 0], we trace its
propagation through forward pass, backward pass and parameter update
stages to complete one full training iteration.

Step 1- Initialization of parameters (weights and biases): Initialize all model
parameters with predefined or small random values. There are total nine
parameters in our MLP.
Hidden layer:

« wl=2, w2=1 (for hl)

+ w3=1, w4=2 (for h2)

» b1=0.8,b2=0.9
Output layer:

+ wb=2, w6=3

* b3=0.9

Step 2- Iterate over training data: For every XOR data point, perform Steps
3 through 5.

Step 3- Forward pass: We begin the forward pass by feeding the input [x],
x21 = [1, 0] through the MLP. The network first computes the activations for
the hidden layer, followed by the output layer, producing a predicted value
y. Using this prediction and the target value y =1, the BCE loss is then
computed to quantify the prediction error.

Step 3.1 - Hidden layer calculation:

Neuron hl:
o Z1 = (WI*X1) + (W2*x2) + bl = (2*1) + (1*0) + 0.8
«2Z1=2+0+08=28
 hl = RelLU(Z]) = ReLU(2.8) = 2.8

Neuron h2:
o 22 = (W3*X1) + (W4*x2) + b2 = (1*1) + (2*0) + 0.9
+22=1+0+09=19
« h2 = RelLU(z2) = ReLU(1.9) =1.9

ll
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Step 3.2- Output layer calculation:

Neuron ¥:

+ 23 = (W5*h1) + (W6*h2) + b3 = (2*2.8) + (3*1.9) + 0.9
*+2z3=56+57+09=122

« § = Sigmoid(z3) = Sigmoid(12.2) =1/ (1 + e™22) = 0.999994

Step 3.3 -Loss calculation using BCE: It is the measure of error in the
prediction.

o L=-ly*log(y) + (1-y)*log(1-y)]

+ L=-[1*"10g(0.999994) + (1-1)*log(1-0.999994)]

+ L="-[log(0.999994) + 0] = -(-0.000006) = 0.000006

Forward pass outcome: For input [x], x2] = [1, 0], the correct target (y)
is 1, the network predicted (y) as 0.999994 resulting, in a very small
loss of 0.000006.

Step 4 - Backpropagation (gradient computation): Backpropagation uses
the chain rule of calculus to compute the gradients of the loss function L
with respect to all parameters in the neural network. The gradient of the
loss function L with respect to a model parameter is given by the partial
derivative oL/dparameter, which quantifies how much the loss changes in
response to a small change in that parameter. These gradients provide the
necessary information for optimization algorithms (e.g., SGD) to update
parameters in a direction that minimizes the loss.

Step 4.1- Gradients at the output layer:

« oLy =(g-y)/g*0-9)

* 0y/0z3=y*(1-V)

» 0L/9z3 = (3L/3Y) * (8y/023) =y -y = 0.999994 -1 = -0.000006

Step 4.2- Gradients for output layer parameters (w5, w6, b3):

+ 9L/owb = (3L/9z3) * (9z3/0wb) = (BL/0z3) * hl = -0.000006 * 2.8
=-0.0000168

+ 0L/dw6 = (0L/0z3) * (0z3/0w6) = (0L/3z3) * h2 = -0.000006 * 1.9
=-0.0000M4

» 9L/0b3 = (0L/9z3) * (02z3/3b3) = (0L/9z3) *1 = -0.000006

Step 4.3-Gradients at hidden layer outputs (h1, h2) :

+ 9L/0h1 = (8L/9z3) * (0z3/3h1) = (8L/0z3) * wb = -0.000006 * 2
=-0.000012

» 9L/0h2 = (0L/0z3) * 9z3/0h2 = (0L/9z3) * w6 = -0.000006 * 3
=-0.000018

Step 4.4- Gradients at hidden layer pre-activation (21, z2) :
 For neuron hl: In the forward pass, z1 = 2.8 (> 0), so ReLU’(z1) =1
+ 0L/9z1 = (8L/3h1) * (Bh1/821) = (8L/dh1) * ReLU’(z1) = -0.000012 *1
=-0.000012
» For neuron h2: In the forward pass, z2 = 1.9 (> 0), so RelLU’(z2) = 1
« 0L/9z2 = (0L/Bh2) * (0h2/9z2) = (6L/2h2) * ReLU’(z2) = -0.000018 *1 =
-0.000018
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Step 4.5- Gradients for hidden layer parameters (w1, w2, bl, w3, w4, b2):

+ 9L/awl = (0L/021) * (9z1/owl) = (0L/9z1) * x1 = -0.000012 * 1 = -0.000012

+ 9L/0w2 = (8L/92]) * (8z1/ow2) = (BL/9z]) * x2 = -0.000012*0 =0

« 9L/3bl = (8L/321) * (821/9bl) = (3L/3z21) *1 = -0.000012 *1 = -0.000012

» oL/ow3 = (0L/9z2) * (0z2/0w3) = (0L/3z2) * X1 = -0.000018 *1 = -0.000018
+ dL/ow4 = (3L/0z2) * (0z2/0w4) = (9L/0z2) * x2 = -0.000018 *0 =0

« 0L/0b2 = (0L/0z2) * (8z2/3b2) = (dL/0z2) * 1 = -0.000018 *1 = -0.000018

Step 5 - Optimization (weight and bias update using SGD): The final step in
one training iteration of the MLP is to use the computed gradients to update
the model parameters. We apply the SGD optimization method, in which the
parameters are updated after processing each individual training datapoint.
The SGD parameter update rule is:

New parameter = old parameter — (learning rate * gradient of the loss w.r.t.
the parameter)

We now update all nine parameters of the MLP using a learning rate of lr = O1.

Update output layer parameters:
* neww5 =w5 - lr*3L/ewb =2 - (0.1 *-0.0000168) = 2 + 0.00000168 =

2.00000168

* new w6 = w6 - lr *9L/dw6 = 3 - (0.1 * -0.0000114) = 3 + 0.00000M4 =
3.0000014

* new b3 =b3 -1r*38L/3b3 =0.9 - (0.1 *-0.000006) = 0.9 + 0.0000006 =
0.9000006

Update hidden layer parameters:

* newwl =wl-lr*aL/owl =2 -(01*-0.000012) = 2 + 0.0000012 = 2.0000012

e neww2=w2-Ilr*aL/ow2=1-(01*0) =10

* neww3=w3-Ilr*aL/ow3 =1-(01*-0.000018) =1+ 0.0000018 =1.0000018

e neww4d =w4-Ilr*oL/ow4 =2-(01*0) =20

* new bl = bl - lr*3dL/dbl_h = 0.8 - (0.1 *-0.000012) = 0.8 + 0.0000012 =
0.8000012

* new b2 =b2 - Ir*3L/ob2_h = 0.9 - (0.1 *-0.000018) = 0.9 + 0.0000018 =
0.9000018

This completes one full training iteration. In the next iteration, the updated
parameter values are used for Steps 2 through 5.

Step 6- Repeat until convergence: Repeat Steps 2 through 5 for a fixed
number of epochs or until we find the optimal value of parameters that
minimizes the loss function.

How artificial neural networks solve
nonlinearly separable binary classification 13
problems: An XOR case study
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Binary class prediction

During training, the neural network learns optimal values for its parameters

(weights and biases) that minimize the BCE loss function. Once training
is complete, the final updated parameter values constitute the learned
parameters and are used for prediction.

Learned parameters: The final updated parameter values at the end of the
training are the learned parameters.

Hidden layer:
* Weights:
» wl and w2 for neuron hl
» w3 and w4 for neuron h2

» Biases: bl, b2

Output layer:
* Weights: wh, w6 for neuron y
* Biases: b

Prediction procedure: After training, the trained model uses the learned
parameters (weights and biases) to make predictions, a process also
referred to as inference. Given an input data point (x], x2), the trained
model produces a binary class prediction by performing a forward pass
through the neural network.

Hidden layer forward pass computation:
e Z1=WI*xl+w2*x2 + bl

e 22 =wW3*xl+w4*x2 + b2
 hl=RelU(z1)

+ h2 = RelLU(z2)

Output layer forward pass computation

e z=WH5*hl+w6*h2+Db

« ¥ =Sigmoid(z) =1/(1+e™?)

* Model prediction interpretation: y represents the predicted probability
that the input belongs to a class. Predicted class is 1if y >= 0.5 and
predicted class is 0 if y < 0.5.

This forward-pass sequence constitutes the complete inference
mechanism of the trained MLP, converting input features into a
probabilistic output (y) and a corresponding binary class prediction.

The step-by-step scalar calculations presented above in the training and
prediction sections are useful for building a theoretical understanding of
MLP neural networks for XOR binary classification. In practical
implementations, however, neural network programs are written using ML
frameworks such as Keras and PyTorch, which rely on vectorized and
matrix-based operations to perform the same computations across all
neurons in a layer simultaneously. For clarity and pedagogical simplicity,
matrix and vector notations have not been used in this whitepaper. In
real-world applications, manually performing thousands or millions of such
scalar computations is neither practical nor advisable. These operations
are efficiently handled by optimized numerical libraries within ML
frameworks such as Keras and PyTorch.

14
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Benefits

The XOR problem, despite its simplicity, serves as an important analytical
framework for understanding the limitations of linear classifiers and the
necessity of nonlinear models. Examining this problem offers practical
benefits for engineers, data scientists and business leaders alike. It clarifies
when nonlinear models are required, identifies limitations of simpler
models and illustrates why ANNs are essential for solving this class of
classification problems.

The key benefits of the XOR case study include:

 Provides foundational understanding of non-linearity: The XOR problem
clearly demonstrates why nonlinear models are required for certain
classes of problems. It is a visualizable example and demonstrates that
some data patterns are structurally impossible to solve with a single linear
decision boundary.

» Enables better model selection: The case study helps practitioners
recognize when linear models are fundamentally inadequate for a given
problem. This understanding prevents wasted time trying to optimize a
model that is inherently inadequate and encourages the selection of an
appropriately expressive model from the outset.

+ Creates a bridge to deep learning: The XOR case study shows how neural
networks build upon, rather than replace, classical ML concepts. By
revealing the limitations of linear models and demonstrating how the
introduction of hidden layers and nonlinear activation functions
overcomes these constraints, the XOR problem provides a conceptual
foundation for understanding of modern deep learning models.

+ Offers strong educational value: The XOR problem provides a minimal yet
complete example for teaching and learning neural network
fundamentals. It clearly demonstrates how the introduction of nonlinear
representations enables a neural network to transform a problem that is
unsolvable by linear models into a solvable one.

Discussion

Although the XOR problem is simple, its significance extends far beyond its
role as a canonical example of a non-linearly separable dataset. Many
real-world tasks involve complex, nonlinear relationships that cannot be
captured by linear decision boundaries, requiring the representational
power of neural networks to address them. The principles demonstrated in
this case study, specifically the use of multilayer architecture and nonlinear
activation functions to construct richer feature representations, form the
conceptual foundation of modern deep learning systems, including
convolutional neural networks and transformer architectures.

Nevertheless, adopting neural networks is not without its challenges,
including increased computational cost, optimization complexity and
reduced interpretability relative to linear models. The XOR example
provides a minimal yet complete setting in which the representational
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capacity of neural networks can be examined independently of these
secondary challenges. It offers a clean conceptual framework for
understanding when linear models are fundamentally insufficient and why
neural networks become necessary.

Conclusion

The inability of linear models to solve the XOR problem highlights a critical
class of challenges that are prevalent in today’s data-rich business and
industrial environments. ANNs, with their multilayer architecture, provide a
scalable and powerful solution. By progressively transforming data into
new internal representations, ANNs can automatically learn complex
nonlinear patterns that simpler models cannot capture.

While this whitepaper used the XOR problem as a minimal illustrative
example, the principles it demonstrates are universal. For any
organizations seeking to move beyond simple analytics and unlock the full
value of their data, understanding and embracing the power of neural
networks to solve non-linearly separable problems is no longer an option,
but an increasing necessity.
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